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A new base for three-dimensional divergence-free vector fields in Hilbert space (Galerkin 
method) is proposed. The base fields have vanishing boundary conditions for their curl and are 
useful to solve the incompressible Navier-Stokes equation. The base vector potentials are obtained 
as the eigensolutions of the squared Laplace operator. We first derive the operator in a simply 
connected domain and then study Couette flow in the small gap approximation. The method yields 
a rapidly converging critical Taylor number and in lowest approximation a three mode model for 
the Taylor vortices, similar to the Lorenz model. It represents the first bifurcation of the flow very 
well. 
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I. Introduction 

T h e m o t i o n of a n y i ncompres s ib l e N e w t o n i a n f lu id 
is g o v e r n e d by the N a v i e r - S t o k e s e q u a t i o n s 

dtv + v Vv = -V(p/Q) + v V 2 » , V u = 0 . (1.1) 

As they a p p l y equa l ly t o l a m i n a r a n d t u r b u l e n t f low, 
they a lso o u g h t t o be suff icient t o de r ive the v a r i o u s 
ways of t r a n s i t i o n t o t u r b u l e n c e o b s e r v e d in exper i -
m e n t s (for C o u e t t e f low, see D i P r i m a a n d S w i n n e y 
[1], for B e n a r d f low, see Busse [2]). 

As the N a v i e r - S t o k e s e q u a t i o n s f o r m a n o n l i n e a r 
sys tem of p a r t i a l d i f ferent ia l e q u a t i o n s , the i r s o l u t i o n 
is qu i t e difficult , a n d in t h r ee d i m e n s i o n a l space even 
the exis tence of s m o o t h so lu t i ons t o s m o o t h ini t ia l 
va lues is still in d o u b t (see L e r a y [3] fo r t he t w o d i m e n -
s ional case, v o n W a h l [4] fo r the t h r ee d i m e n s i o n a l 
case). T h e y f o r m a n infinite d imens iona l d y n a m i c a l sys-
tem, wh ich h a s been s tud ied extensively (see T e m a m 
[5], in p a r t i c u l a r C h a p t e r I I I , 3.2; C h a p t e r IV, 4.2, 
dea l ing wi th f luid f low d r iven by its b o u n d a r i e s , of 
which C o u e t t e f low is a n example) . O n e of t he goa l s of 
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these s tudies is t o find o u t w h e t h e r e a c h f low c o n -
verges to a finite-dimensional m a n i f o l d , cal led t he in-
er t ia l man i fo ld , so t h a t the l o n g - t e r m b e h a v i o r c a n be 
desc r ibed in t e r m s of a finite n u m b e r of var iab les . 
T h e s e w o u l d be re la ted to the velocit ies by a n o n l i n e a r 
c o o r d i n a t e sys tem, which w o u l d p r o b a b l y b e very dif-
ficult t o ob t a in . 

I n c o n t r a s t t o this a p p r o a c h , every finite co l lec t ion 
of vec tors f r o m a basis, s p a n n i n g the space of f lows, 
i n t r o d u c e s a l inear c o o r d i n a t e sys tem in a subspace . I t 
is qu i t e c o m m o n to p ro jec t the s o l u t i o n s of the 
N a v i e r - S t o k e s e q u a t i o n s o n t o th is s u b s p a c e in o r d e r 
t o o b t a i n a sys tem of o r d i n a r y d i f ferent ia l e q u a t i o n s . 
T h i s was done , e.g., by H o p f [6] in his exis tence p r o o f 
fo r w e a k so lu t ions of the N a v i e r - S t o k e s e q u a t i o n s . 
T h i s p r o c e d u r e does n o t give the exac t de sc r ip t i on of 
the l o n g t e r m b e h a v i o r of the f low, wh ich o n e w o u l d 
o b t a i n f r o m a n iner t ia l man i fo ld , b u t it still gives a n 
a p p r o x i m a t i o n of increas ing accu racy , as t he bas is 
f u n c t i o n s sweep the ent i re space. 

T h e p u r p o s e of this p a p e r is t o der ive a c o m p l e t e set 
of ba se f lows wh ich a re the e igenso lu t ions of a self-ad-
j o i n t d i f ferent ia l o p e r a t o r . By p r o j e c t i o n of the so lu-
t i ons of t he N a v i e r - S t o k e s e q u a t i o n s o n these b a s e 
vectors , we o b t a i n a sys tem of O D E s in t he f o r m 

6 , * ( ; ) = <7(x), (1.2) 
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w h e r e A'(r) r ep resen t s a n in f in i t e -d imens iona l vec to r 
a n d descr ibes the s ta te of the sys tem. 

T h i s is d o n e first in genera l , t hen we ca lcu la te ex-
plicit ly C o u e t t e f low in the n a r r o w g a p a p p r o x i m a -
t ion . 

By t r u n c a t i o n (1.2) t akes the f o r m of a f in i te -d imen-
s iona l d y n a m i c a l sys tem (see, e.g., A r r o w s m i t h a n d 
P l ace [7], Ruel le [8]). F o r genera l numer i ca l m e t h o d s 
so lv ing the N a v i e r - S t o k e s e q u a t i o n s see T e m a m [9] 
a n d G i r a u l t a n d R a v i a r t [10]. F o r numer i ca l m e t h o d s , 
especial ly for C o u e t t e f low, see a lso M a y e r - S p a s c h e 
a n d Kel le r [11], M o s e r et al. [12], M a r c u s [13,14] , a n d 
K i n g et al. [15]. 

In th ree d i m e n s i o n a l space the t r ans i t ion f r o m (1.1) 
to a sys tem of the f o r m (1.2) can , e.g., be accompl i shed 
by a d iscre te a p p r o x i m a t i o n of the F o u r i e r t r a n s f o r m . 
M a n y t u r b u l e n c e s tudies avai l themselves of such 
m e t h o d s ( c o m p a r e , e.g., Leslie [16]). Howeve r , F o u r i e r 
m o d e s d o n o t t a k e i n to a c c o u n t a pa r t i cu la r geome t ry . 
O n the o t h e r h a n d , b o u n d a r y cond i t ions , as e n c o u n -
tered, e.g., in C o u e t t e f low o r B e n a r d flow, d e t e r m i n e 
t he b e h a v i o r of a f low p r o f o u n d l y , a n d in p a r t i c u l a r 
the t r a n s i t i o n to t u rbu lence . F o r n o n p e r i o d i c b o u n d -
a ry c o n d i t i o n s o n e usual ly t akes a d v a n t a g e of special 
symmet r i e s , i n t r o d u c e s s t r e a m func t ions a n d tries to 
solve the resu l t ing e q u a t i o n s . M u c h p rogress has been 
o b t a i n e d in this w a y [ 1 7 - 2 1 , 36] (for the d e v e l o p m e n t 
of the m a t h e m a t i c a l theory , see Schmi t t a n d v o n Wah l 
[22]). T h i s m e t h o d is qu i t e su i tab le for the special 
spa t i a l d o m a i n s cons ide red a n d can p r o b a b l y a lso be 
a d o p t e d to o the r s , b u t this r equ i res fairly extensive 
m a t h e m a t i c a l s tud ies in each case. 

T h e m e t h o d wh ich is the subjec t of this pape r , 
evolved f r o m the recent w o r k of K n o r r , Lynov , a n d 
Pecseli [23], w h o s tud ied the evo lu t ion of the inviscid 
f luid f low in th ree d i m e n s i o n a l space. H o w e v e r , the 
s imple s t r u c t u r e of the base f u n c t i o n s a n d the pe r iod ic 
b o u n d a r y c o n d i t i o n s conf ines the app l i ca t ion of this 
e x p a n s i o n to a v o l u m e which is far r e m o v e d f r o m a n y 
b o u n d a r i e s , where , d u e to the viscosity of a n y real 
f luid, the c o n d i t i o n v = 0 has to be satisfied. 

As K n o r r et al. s h o w e d [23], it m a y be beneficial to 
use the e igen func t i ons of a n o t h e r different ia l o p e r a t o r . 
T h e o p e r a t o r of K n o r r et al., t he curl , is of first o r d e r 
on ly a n d the re fo re c a n n o t be expected to a c c o m m o -
d a t e all the b o u n d a r y c o n d i t i o n s we wish to impose . 
T h u s o n e w o u l d expect t h a t a n o p e r a t o r of h igher 
o r d e r is necessary to p r o d u c e the base f lows which 
sat isfy the b o u n d a r y c o n d i t i o n s imposed . As we w a n t 
o u r base f lows to be d ivergence free, it t u r n s o u t to be 

exped ien t t o use a n o p e r a t o r of f o u r t h o rde r . Such a 
basis c a n a l so be o b t a i n e d f r o m the S t o k e s o p e r a t o r , 
b u t the resu l t ing m e t h o d does n o t seem to w o r k well, 
as i nd ica t ed in the p a p e r of G e b h a r d t a n d G r o s s m a n n 
[35]. F o r o t h e r uses of p o t e n t i a l f u n c t i o n s c o m p a r e 
M a r q u e s [36]. 

In Sect. I I we cas t the N a v i e r - S t o k e s e q u a t i o n in to 
a f o r m wh ich best sui ts o u r in ten t ions , in Sect. I l l we 
der ive the o p e r a t o r for a singly c o n n e c t e d finite 
d o m a i n . In Sect. IV we f o r m u l a t e the C o u e t t e f low in 
the n a r r o w g a p a p p r o x i m a t i o n , for wh ich the base 
vec to r s a r e der ived in Sect ion V. In Sect. VI we re-
der ive s o m e resul ts of l inear theory , us ing o u r m e t h o d 
of p r o j e c t i o n o n base vec tors . It d e m o n s t r a t e s the use-
fu lness of o u r m e t h o d . In Sect. VI I we es tabl i sh the 
lowest o r d e r n o n l i n e a r t h e o r y wi th th ree m o d e s , the 
C o u e t t e - L o r e n z mode l , a n d der ive s o m e bas ic results . 
Sec t ion V I I I f inal ly s u m m a r i z e s o u r conc lus ions . 

II. The Navier-Stokes Equations 

T h e incompres s ib l e N a v i e r - S t o k e s e q u a t i o n s in a 
c o o r d i n a t e sys tem r o t a t i n g wi th c o n s t a n t a n g u l a r 
veloci ty Q a r e given by 

Q ^ v + v • W j = - Vp + n Ä » + Q v x (2 Ö ) + f ( r , t), 

V • r = 0 ; Q = c o n s t , (2.1) 

whe re the tw idd led va r i ab le s cha rac t e r i ze the phys ica l 
quan t i t i e s . 

T h e last e r m rep re sen t s a n a d d i t i o n a l force, wh ich 
m a y be de t e rmin i s t i c (e.g., gravi ty) o r s tochas t i c (e.g., 
a s t i r r ing force). T h e cen t r i fuga l fo rce can be repre-
sen ted by a g r a d i e n t a n d h a s been i n c o r p o r a t e d in to 
the genera l i zed p r e s su re p. We i n t r o d u c e d i m e n s i o n -
less va r i ab le s x, v, t etc. by x = x 0 x, v = v0 v, t = t01, etc. 
x 0 , t>0, t0 etc. be ing d i m e n s i o n a l scale fac tors . T h e 
coeff ic ients in (2.1) b e c o m e all un i ty by the choice 

x 0 = t0 v0, t0= xg /v , v0 = v / x 0 , 

PO=QOV2/XO> QO=Q. (2-2) 

where v = p/g is the k i n e m a t i c viscosity. (2.1) b e c o m e s 

e 
— v + v • V » = - Vp + Av + Qvxez+f(r, t); V -» = 0 . 
c t 

(2.3) 

A = V 2 is t he L a p l a c e a n o p e r a t o r , e, is a uni t vec tor in 
the d i r ec t ion of the r o t a t i o n axis, a n d 

Q = 2t0Q = 2x%Q/v (2.4) 
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is a d imens ion less a n g u l a r velocity. We a lso use 
ß = Q e z . N o t e t ha t x 0 is still a r b i t r a r y because we 
h a v e n o t yet specified any p a r t i c u l a r geome t ry . By 
i n t r o d u c i n g 

o) = V x v 

a n d t a k i n g the curl of (2.3) we a r r ive a t 

8 

(2.5) 

at 
üi = V x [r X (cö + ß ) ] + Aft), V r = 0 . (2.6) 

T h i s is the vort ic i ty f o r m of the N a v i e r - S t o k e s e q u a -
t ions . I t n o longer c o n t a i n s the p r e s su re te rm. 

A n y vector-f ield »(r) in a s imply c o n n e c t e d finite 
s p a c e r wi th p(r) = 0 o n 0 F can be r ep resen ted as 
fo l lows. F i rs t we ex tend r(r) c o n t i n u o u s l y t o all of 
s p a c e by se t t ing t>(r) = 0 ou t s ide F. D e n o t i n g th is n e w 
v e c t o r field by r(r) aga in , we use t he u sua l H e l m h o l t z 
d e c o m p o s i t i o n to wri te 

v = V x A - V<P. (2.7) 

As d iv v (r) = 0 everywhere in the sense of d i s t r ibu t ions , 
we get 

A < P = - V i > = 0 , (2.8) 

a n d the re fo re a lso <P = 0. F r o m (2.7) a l so fol lows 

V x V x ^ = V x i > = ft). (2.9) 

I n (2.7) A is only de t e rmined u p t o a g rad ien t , t h e 
well k n o w n gauge invar iance . By so lv ing a N e u m a n n 
p r o b l e m in po ten t i a l theory , we can n o w replace A by 
A'= A + VA, wi th a A fulfilling the e q u a t i o n s AA = 
-V A, - A n = (dA/dn). T h e n A' • n = 0 a n d V • A' 
= 0. So for a n y v fulfil l ing the b o u n d a r y c o n d i t i o n s 

v = 0 on 0 F (2.10) 

we c a n find a vec tor po ten t i a l A fulf i l l ing the t w o 
c o n d i t i o n s 

V - ^ = 0 i n F , n • A = 0 o n 0 F . (2.11) 

E q u a t i o n (2.9) becomes n o w 

A A = - ( o , (2.12) 

a n d t he b o u n d a r y c o n d i t i o n s are ^ j 

n • V x A =0; nx(VxA) = 0 , n A = 0 , o n 0 F . 

T h e c o n d i t i o n (2.11) o n A can be expressed in the 
fo l l owing concise w a y : A a lways satisfies the c o n d i t i o n 

where cp is a d i f fe ren t iab le b u t o the rwise a r b i t r a r y 
func t ion , a n d d r is t he v o l u m e e lement . We d e n o t e by 
H the s u b s p a c e of L 2 cons i s t ing of all vec to r fields A 
fulfil l ing t he c o n d i t i o n (2.14); it is o u r bas ic Hi lbe r t 
space. 

III. The Operator of the Eigenflows 

We def ine t he inner p r o d u c t of t w o vor t ic i ty fields ft) 
a n d o by 

<o), co) = J o>* • g> d i , (3.1) 

whe re ri>* is t he c o m p l e x c o n j u g a t e of di. T h e in tegra l 
ex tends ove r the d o m a i n F . We w o u l d like to express 
the inne r p r o d u c t (3.1) in t e r m s of the vec to r po t en t i a l s 
Ä a n d A. By pa r t i a l i n t e g r a t i o n we get 

<ft>, cr)) = j d a • v* x ft) + j d r v* • V x co 
er r 

= <f , V x t o ) . (3.2) 

T h e su r face in tegra l van i shes because of (2.10). S t a r t -
ing n o w wi th (3.2) a n d r e p e a t i n g the pa r t i a l in tegra -
t ion, we get 

<ft>, o)> = j do • Ä* x (V x o ) + ( Ä , V x V x t o ) . 
a r (3.3) 

We defer t he d i scuss ion of the su r face in tegra l a n d 

cons ide r t h e last t e r m in (3.3), which c a n be wr i t t en 

(Ä*, V x V x V x V x A) = ( Ä , A2A) (3.4) 

because of (2.9). 
I t is n o w n a t u r a l t o cons ide r the e igenva lue p r o b -

lem 
A 2A=A4A, V A = 0 in F (3.5) 

wi th the b o u n d a r y c o n d i t i o n s V x ^ = 0 , n • A = 0 
o n 0 F . 

As we will show, its so lu t i ons f o r m a c o m p l e t e set of 
e igenvec tors , so t h a t a n y d ivergence free vec to r field A 
can be e x p a n d e d in e igenvec to r s A„: 

A(r)= £ An. (3.6) 

F o r this we m u s t p r o v e t h a t the o p e r a t o r in (3.5) is 
se l f -ad jo in t a n d n o t on ly fo rma l ly se l f -ad jo in t (as de-
fined in F r i e d m a n [24]). In o t h e r words , we w o u l d like 
to see t he su r f ace in tegra l in (3.3) v a n i s h : 

J A • Vcp d i = 0 . (2.14) / = j do A* x (V x o ) = 0 . (3.7) 



G. Knorr and G. Ströhmer • Hilbert Space Methods in Hydrodynamics 682 

However, the integrand does not vanish identically, 
because Ä* lies in the surface and V x co has an arbi-
trary direction. 

In order to show that the surface integral vanishes, 
consider the integral 

\da-V x Ä* (3.8) 
s 

over an arbi t rary fraction S of dr. Invoking Stokes ' 
theorem, it is equal to the line integral 

§ d l - Ä * , (3.9) 
b 

where the integral is taken along the closed loop defin-
ing S on 6 r . D u e to the boundary condit ion (2.11) 
both integrals, (3.8) and (3.9), vanish. This means tha t 
on 0T Ä* must be a gradient, 

Ä* = Va* . (3.10) 

Consider next 

j d < 7 V x ( V x t o ) = j d < 7 - V x V x V x V x , 4 
s s 

= J der • A2 A . (3.11) 
s 

As A2 is to be defined as an opera tor on H we mus t 
incorporate the condit ion A 2 A e H into the doma in of 
definition. This implies that 

n • A2A = 0 on 6T, 

and so 

f A2A • da = 0 . 
s 

As before, we conclude that V x co can be repre-
sented on ÖT by a gradient, 

V x w = V/3, (3.12) 

and that the surface integral in (3.3) becomes now 

{ da • Ä* x (V x co) = J da • Va* x Wß . 
er er 

We continue the funct ions a* and ß, which so far are 
only defined on dT, into the interior of dr. This can be 
done without difficulty, compare Lighthill [25]. Using 
Gauss ' theorem again, we convert the surface integral 
into a volume integral: 

{ d a • ,?* x (V x o>) = j d r V • (Va* x V ß ) = 0 . (3.13) 
er r 

We have thus proved that the opera to r in (3.5) is 
indeed self-adjoint. Mathematical ly more precise, the 
opera tor possesses a self-adjoint extension by Fried-

rich's theorem on semi-bounded operators (see, e.g., 
Yosida [26]). The solutions of (3.5) form a complete set 
with real eigenvalues, as shown by Ströhmer [27]. All 
eigensolutions belonging to different eigenvalues are 
or thogonal to each other. Eigensolutions belonging to 
the same eigenvalue can be orthogonalized, so that we 
always have a complete or thogonal set of eigensolu-
tions available. By means of (2.12) we can expand the 
vorticity o> in a complete set of or thogonal eigenvec-
tors. Any vorticity field can be written as 

o(r, t) = £ cclmn(t) (olmn(r), (3.14) 
Imn 

and the same holds of course for the time derivative. 
Project ing 6,o> on an arbi t rary eigenvector o) lmn gives 

<<olmn,dt(o)= £ d,ocrm'n- (colmn(r), (orm n (r)) 
/' m' n' 

= X ^t^i'm'n- (AAlmn(r), AAVm.n'(r)y 

V m' n' 

im' n' 

= Z tf'm'n' 8 t a / 'm'n ' ^mm' 
/' m' ri 

= Kmn^lmn • P-15) 

By our choice of or thogonal base, the Navier-
Stokes equat ions (2.6) can be t ransformed into a sys-
tem of first order differential equations in time only by 
project ing it on the base vectors. The Navier-Stokes 
equat ions take on the form 

d,Ximn(t) = 9imn(<Xijk)> l,m,n = 0 , 1 , 2 , . . . . (3.16) 

The right hand side consists of linear and bilinear 
terms and has the form 

Qlmni^ijk) = X C'lmn aijk + 1 1 Clmn** aijk arst • 
ijk ijk rst 

We note that (3.16) is the canonical form in the 
theory of dynamical systems (1.2) (compare, e.g., 
Arrowsmith and Place [7], Ruelle [8]), as are (4.1) and 
(4.2) of K n o r r et al. [23], 

Ra ther than projecting dto)(r, t) on iolmn we can also 
project it on Almn. We obtain 

With (3.14) we get 

(Arm,n.,d,ü)) = X d,<Xlmn<Vrm'n-,Vlmn> 
Imn 

= X M\m
m

n
n. a i m n . 
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O r d e r i n g the coefficients oclmn i n to a vec to r a = {a ( m n}, 
the Nav ie r -S tokes e q u a t i o n t akes o n the f o r m 

M dta = G(a). (3.18) 

Mul t i p l i ca t i on wi th M~1 b r ings it i n t o t he f o r m 

d,<x = M~1 </(a) (3.19) 

wh ich resembles fo rma l ly (3.16). I t is a d i f ferent sys-
tem, however , because the base vectors Almn a re differ-
en t f r o m the (o l m n . Even t h o u g h the re is m o r e w o r k 
involved in the ca lcu la t ion of (3.19), it m i g h t h a v e 
a d v a n t a g e s over (3.16), a s we have f o u n d . 

F r o m (3.17) it is ev iden t t h a t p ro j ec t i ng t he vor t ic i ty 
o n the vectors Almn is equ iva len t t o p r o j e c t i n g t he 
velocity field on the (nonor thogona l ) velocity base vec-
tors . T h e p ro jec t ion of the p ressure g r a d i e n t van i shes 
a lways identically. We will app ly th is m e t h o d la ter . 

T h e n u m b e r of e q u a t i o n s in (3.16) o r (3.19) is in-
finite. Howeve r , as the e igenvalues of (3.5) g r o w wi th -
o u t b o u n d , the d a m p i n g t e rm Aco in (2.6) b e c o m e s ever 
m o r e i m p o r t a n t , so t h a t we expect a dec rea s ing exci ta-
t i on level of the e igenf lows cha rac t e r i zed by very la rge 
e igenvalues . Never theless , the n u m b e r of exci ted 
m o d e s m a y still be large. We suggest , the re fore , t o 
begin the s tudy of (3.19) wi th a c o n t r o l p a r a m e t e r (e.g., 
t he R e y n o l d s n u m b e r ) wh ich is smal l so t h a t on ly few 
m o d e s a re excited. W h e n the c o n t r o l p a r a m e t e r is 
increased , m o r e a n d m o r e m o d e s h a v e t o be a d d e d t o 
the sys tem to m a i n t a i n a b e h a v i o r in a c c o r d a n c e wi th 
reali ty. 

T h e de r iva t ion of (3.16) a n d (3.19) f r o m (1.1) fo r a 
singly connec t ed finite d o m a i n is the m a i n resul t of 
th is pape r . In the fo l lowing sect ions we will s h o w h o w 
the genera l ideas which led to (3.16) a n d (3.19) can be 
mod i f i ed to be app l icab le t o C o u e t t e f low, wh ich is n o t 
a f low in a singly c o n n e c t e d d o m a i n . T h e fo l lowing 
fea tu res to be discussed migh t be n o t e w o r t h y : 

i) T h e e igenfunc t ions of (3.5) fac tor , so t h a t we o b -
ta in e igenvalue p r o b l e m s in o n e var iab le . 

ii) F o r s o m e c o m p o n e n t s the e igenvec tor p r o b l e m of 
fou r th o rder can be reduced to one of second o r d e r . 

iii) By the choice of a special c o o r d i n a t e sys tem the 
e igenf lows d e p e n d o n t w o var iab les only , r a t h e r 
t h a n three. 

iv) M o v i n g b o u n d a r i e s will be i n c o r p o r a t e d . 

IV. Couette Flow 

We consider Coue t te flow in the n a r r o w g a p a p p r o x -
i m a t i o n . 

F o l l o w i n g N a g a t a [19], it is ev iden t f r o m Fig. 2 t h a t 

3 = r 2 - r x , f = \ ( r 1 + r 2 ) , (4.1) 

w h e r e D is t he d i s t ance be tween the t w o cyl inders 
wh ich h a v e the rad i i r l a n d r 2 . We ident i fy x 0 , wh i ch 
w a s left u n d e t e r m i n e d in Sect. II, wi th the g a p w i d t h 
3. I n the n a r r o w g a p a p p r o x i m a t i o n 3 / r 1. A C a r t e -
s ian c o o r d i n a t e sys tem (in d imens ion les s c o o r d i n a t e s ) 
c a n be def ined by 

r — r 
x = 

rep z 

T ' 2 = r T - y = 

w h e r e - 1 / 2 < x < + 1 / 2 . 
I n t r o d u c i n g a r o t a t i n g c o o r d i n a t e sys tem wi th 

(4.2) 

ß = Q2) 

we o b t a i n , a c c o r d i n g t o (2.4), 

d2 ~ ~ 
Q = — ( & ! + Q2). 

(4.3) 

(4.4) 

In o u r a p p r o x i m a t i o n the C o u e t t e f low for small veloc-
ities ( c o m p a r e Fig . 1) is given in C a r t e s i a n c o o r d i n a t e s 
by the vec to r p o t e n t i a l 

^ = ( 0 , 0 , + i « x 2 ) , (4.5) 

f r o m wh ich fo l lows 

F = ( 0 , - 9 i x , 0 ) (4.6) 

wh ich h a s a c o n s t a n t vor t ic i ty 

W= V x F = ( 0 , 0 , - 9 ? ) . (4.7) 

T h e veloci ty fo r t h e inne r cy l inder is V= r(01 — fi)/v0 

at x = —1/2, a n d for the ou te r cylinder V= r(Q2—&)/v0 

a t x = + 1 / 2 . B o t h r e l a t ions give wi th (4.3), (2.2) a n d 
(4.7) 

9? = 
Q2)rcl 

(4.8) 

is recognized as the Reynolds n u m b e r of the n a r r o w 
g a p C o u e t t e f low. 

S u b s t i t u t e in (2.3) a n d (2.6) 

V~>V + V , (D —KD + W , (4.9) 

w h e r e F a n d I F a r e given by (4.6) a n d (4.7), t o t a k e i n t o 
a c c o u n t t he r o t a t i o n of the cyl inders . T h e resul t is 

dtv — Av = v x co — (9? — Q) v + ez + ^xo) x ey — Ap, 
(4.10) 

dt(D — Aco = V x (v x(o) — (9? —fi) dzv 

+ m(xdyco-(o exey). (4.11) 

v sat isf ies the b o u n d a r y c o n d i t i o n » = 0 for x = + 1 / 2 . 
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Fig. 1. Couette shear flow between two parallel plates (com-
pare (4.6)). 
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compressible flow is given by 

A ( x , y , z ) = X A k = X a k ( x ) e i k - , (5.1) 
k k 

k = (0,k2,k3). (5.2) 

It is sufficient to consider one term in the sum. The two 
preferred directions are the x-axis and k so that it is 
convenient to int roduce a coordinate system with the 
unit vectors ex, k x ex, k and the coordinates x, rj, 

Ak = ak(x)eik r 

= [bk(x) ex + ak(x) k x ex+ ikk~1b'k(x)] eik^. 

ak(x) and bk(x) are arbi t rary functions, independent 
f rom each other, and the form of the vector potential 
has been chosen so as to be divergence free. For con-
venience we write the variables without index and in 
the coordina te system defined by ex, k x ex, k. We 
have 

Fig. 2. Couette flow between concentric cylinders. As d/r 0 
the geometry of Fig. 1 is approached. 

V. Eigenflows between Two Parallel Plates 

As the flow between two parallel plates with periodic 
boundary condit ions corresponds to the flow between 
two tori, our proof in Sect. Ill is not applicable and we 
have to analyze this case separately. The geometry is 
depicted in Figure. 1. The vector potential of the in-

Ak = [b{x),a{x),ik~1 b'(x)]eik (5.3) 

i>k = V x Ak = [-ika{x), ik~\-b" + k2b), a'(x)] eiH, 
(5.4) 

o)k = V x vk = [Lb(x),La(x), ik~lLb'{x)]eik^, (5.5) 

where 

L = - Ö2 + k: (5.6) 

O n compar ing (5.4) and (5.3) with (2.10) and (2.11), the 
bounda ry condit ions are found to be 

a ( ± £ ) = a ' ( ± £ ) = 0, b{±\) = 0, Lb{±\) = 0 , (5.7) 

and the inner product of two vorticity base vectors 
with the same k is given by 

+ 1/2 

<0> k ,co k>= j [(LB)(Lb) + k-2(LF)(Lb') 

+ (L ä) (L a)] dx . (5.8) 
- 1 / 2 

By part ial integration and in view of (5.4) and (5.6) we 
obta in 
1/2 1/2 

f dx cö_k • ft)k = j [äL2a + k~2{Lb)(L2b)]dx . (5.9) 
- 1 / 2 1 /2 

We require 
1}a{x) = / 4 a ( x ) , a ( ± ^ ) = a ' ( ± f ) = 0; (5.10) 

L 2 b { x ) = a2Lb(x), Lb(±\) = b(±±) = 0 . (5.11) 

The solutions of (5.10) are either even or odd. For 
the even solutions we put 

cos v/2 
av(x) = cos vx — 

cosh /i/2 
cosh n x , (5.12) 
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w h e r e 

ß = v = j / Y ^ k 2 
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a n d 
2A 2 = H2+ v2 / i 2 = v2 + 2 k2, v<p. 

(5.13) 

(5.14) 

a(x) satisfies a u t o m a t i c a l l y a ( ± l / 2 ) = 0. T h e o t h e r 
b o u n d a r y c o n d i t i o n a' ( + 1 / 2 ) = 0 i m p o s e s a c o n d i t i o n 
o n t he e igenva lue A: 

H t a n h n / 2 + v t a n v/2 = 0 . 

F o r k2 > 1 we o b t a i n a sympto t i ca l l y 

p « v a n d t a n h (p/2) « 1 , 

a n d (5.15) r educes to 

t a n v/2 « — 1 

w i th t he so lu t ion 

v = (2n + 3/2) 7t. 

If w e wr i te (5.15) as 

(5.15) 

(5.16) 

(5.17) 

(5.18) 

V = 2(H + 1)TE-2 t a n " 1
 t a n h | ] / v 2 + 2 f c 2 j , 

we r ecove r (5.17) if (5.16) is valid a n d if fo r the last t e r m 
in (5.18) the p r inc ipa l va lue is chosen . Beg inn ing w i th 
v 0 = (2 n + 3/2)7t a n d i te ra t ing , (5.18) yields v a n d , o n 
a c c o u n t of (5.13), the e igenvalue A4 r ap id ly . N o t e t h a t 
t he e igenva lues d e p e n d on k. 

F o r the o d d so lu t ions we p u t 

, , sin v/2 . 
a (x ) = sin v x — — — sinh p x 

s m h p/2 
(5.19) 

a n d t h e t r a n s c e n d e n t a l e q u a t i o n for t he e igenva lue 
b e c o m e s v t a n h n/2 — p. t a n v/2 = 0. 

I n Tab le 1 a re l isted s o m e p a r a m e t e r s p e r t a i n i n g t o 
t he e igen func t ions , a n d s o m e of the l a t t e r a re s h o w n in 
F i g u r e 3. 

If we p u t fo rma l ly k = 0 in (5.6), o n e h a s L = — d2 

a n d (5.10) b e c o m e s 

d4a(x) = A4a(x). (5.20) 

T h i s is a n e q u a t i o n wh ich h a s been d iscussed by 
C h a n d r a s e k h a r a n d Reid [28], C h a n d r a s e k h a r [29] 
a n d o the r s . We r e m a r k in pass ing t h a t we c o u l d co r -
r o b o r a t e the e igenvalues given by C h a n d r a s e k h a r [29] 
(1961, p a g e 636, Table L X V I I I ) t h r o u g h 6 t o 8 signifi-
c a n t digi ts . 

T h e e igenva lue p r o b l e m for the f u n c t i o n s b(x), 
(5.11) b e c o m e s s impler t h a n in the genera l t heo ry . I t 

Fig. 3. Some eigenfunctions of (5.10). a) k = n, n = 0, ak0{x), 
b) fc = 7t, n = 2, a t 2(x) , c) k = n, n = 4, ak4,(x). 

Table 1. Some values of v and A, related by (5.13) and (5.14) 
to the eigenvalue Xkn. The eigenfunctions are akn{x) of (5.12) 
and (5.19). 

Order n k/n V /I 

0 0 4.7300409167 4.7300409167 
1 0 7.8532047991 7.8532047991 
2 0 10.9956081877 10.9956081877 
3 0 14.1371658409 14.1371658409 
4 0 17.2787601819 17.2787601819 
5 0 20.4203527702 20.4203527702 
0 1 4.3682087341 5.3805996408 
1 1 7.7108632471 8.3262847036 
2 1 10.9190631651 11.3620220628 
3 1 14.0897879729 14.4357795103 
4 1 17.2466391570 17.5304354527 
5 1 20.3971779577 20.6376954525 
0 2 3.9070007168 7.3988562902 
1 2 7.4233997015 9.7254965390 
2 2 10.7376577313 12.4408887687 
3 3 13.9680723560 15.3161831128 
4 2 17.1602676156 18.2743865681 
5 2 20.3330763316 21.2817389541 

c a n b e r e d u c e d t o a s e c o n d o r d e r e igenva lue p r o b l e m 

Lb{x) = (T2b{x), b(±\) = 0 . (5.21) 

T h e s o l u t i o n s spli t i n t o even a n d o d d func t ions , 

even : b2n(x) = cos n(2n + l ) x , 

a 2 = 7 t 2 ( 2 n + l ) 2 + fc2; n = 0 , 1 , 2 , . . . , 

o d d : b2n~l{x)= sin n(2n)x, 

a 2 = 7 t 2 ( 2 n ) 2 + fc2; » = 1 ,2 , (5.22) 

T h e specia l case fc = 0 descr ibes a f low para l le l t o t he 
p la tes . I t s vec to r p o t e n t i a l is given by 

A o = d (x) ey + c (x) ez = (0, d (x), c (x) ) . (5.23) 
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We obtain 

r 0 = VxAo=(0,-c'(x),d'(x)), 

co0= v x ® 0= (0, -d"(x), -c"(x)) 

with the boundary conditions d' ( ± 1/2) = c' ( ± 1 /2) = 0. 
The inner product of cö0 and co0 becomes 

+ 1/2 

<ft>0, co0> = { dx [c"(x) c"(x) + d"(x) d"(x)] (5.26) 
- 1 / 2 

+ 1/2 

= - { dx [c'(x) c'"(x) + d'(x) d'"(x)], 
- 1 / 2 

f rom which we deduce 

- 0 2 c ( x ) = e 2 c(x) , c ' ( ± f ) = 0 ; 

-d2
xd(x) = e

2d(x), d'(±\) = 0 . (5.27) 

The solutions are 

even: c2m(x) = d2m(x) = cos (2 m)nx, 

Q — 2mn, m = 1, 2 , . . . , 

odd : c 2 m + 1 ( x ) = D 2 m + 1 (x ) = s in(2m + 1 ) T T X , (5.28) 

q = [2m+ \)n, m = 0 , 1 , 2 , . . . . 

No te that the even zero mode has no physical signifi-
cance. It should be noted that the eigenfunct ions re-
flect symmetries of the problem, which are crucial 
for many of the observed phenomena (see loss [30], 
Chaussat et al. [31]). 

VI. Couette Flow, Linear Theory 

The equat ion for nar row gap Coue t te flow is given 
by (4.10) with v and co derived from the vector potential 
(5.1). We discuss here only the t ransi t ion f rom the low 
velocity shear flow (4.5) to (4.7) to the Taylor vortices. 
The Taylor flow in lowest order is described by 

Ak = [b(x), a(x), ik'1 b'{x)] eikz, 
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modificat ion of the original shear flow given by 

Ao = [0,d(x),c(x)), (6.4) 

r 0 = [ 0 , -c'(x),d'(x)], (6.5) 

co0 = [0, -d"(x),-c"(x)]. (6.6) 

(5.24) 

(5.25) 

resulting in 

vk =[ — ika (x), ik~l Lb (x), ä (x)] eikz, 

wk = [Lb(x), La (x) , i fc" 1 Lb'(x)] eikz 

(6.1) 

(6.2) 

(6.3) 

with L = - 0 2 + fc2. 
We also have to consider in a nonl inear context all 

smaller numbers than fc and must therefore consider a 

The real valued A which is used to calculate the phys-
ical variables is given by 

A — A^ + A^II + AQ . 

The modes derived f rom Ak and A0 are the smallest 
n u m b e r of modes which can give us useful physical 
informat ion abou t Couet te flow. Before going into the 
nonl inear regime it is instructive to compare our re-
sults with those available in the literature in the well 
established realm of linear theory. We neglect the non-
linear term V x (u x co) in (4.11), which then reduces to 

6tco = (Q - 9?) dzv -I- 9?(x dyo) — ct) • exey) + Aco . (6.7) 

Insert ing the flow resulting f rom Ak gives for the x, y, 
and z componen t s of (6.7) 

dtLb(x) = (Q- 9?) fc2 a(x) - L2b{x), (6.8) 

dtLa(x) = -QLb(x)-L2a(x), (6.9) 

6 ( i k ~1L b' (x) = (Q - 9?) i fc a' (x) - i fc " 1 1 2 b' (x), (6.10) 

of which only (6.8) and (6.9) are linearly independent . 
The flow resulting f rom A 0 gives for the y and z 

componen t s 

0 t (0 2 c(x)) = + 0 ^ c ( x ) . (6.11) 

These componen t s are always damped and can be 
neglected. 

Mult iplying (6.8) with ß , introducing the Taylor 
number 

T = ß ( 9 i - ß ) 

and subst i tut ing b(x) for Qb(x) puts (6.8) and (6.9) into 
the form 

dtLb = -(Tk2a + L2b), 

dtLa = -(Lb + L2a). (6.12) 

D u e to the lack of an explicit time dependence, we 
assume a t ime variat ion of the form exp (At)- The case 
of marginal stability is given by Re(A) = 0. As postu-
lated by Serrin [32] and proved by Yih [33] the imag-
inary par t of / then also has to vanish. Then we obtain 

Tk2a(x) +L2b(x) = 0, 

Lb(x ) + L 2a(x) = 0 . (6.13) 
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Solving for a(x) gives 

Üa(x) = T k2a(x), - \ < x < + ±. (6.14) 

The b o u n d a r y condi t ions are obta ined f rom (6.2) and 
(6.13): 

a(±±) = a'(±\) = L2a(±\) = 0 . 

Equa t ion (6.14) is an eigenvalue equa t ion for T and 
has been solved by Reid and Harr i s [34]. T is a func-
tion of k which in p l ana r infinite geometry may take 
any value. Na tu re chooses a k which makes T a min-
imum, i.e., the flow bifurcates into Taylor vortices as 
soon as there is an uns table k. F o r the min imum Reid 
and Harr is give ^ j 

T= 1707.762 for a wave number of k = 3.117 . 

These values are also quoted in Chandrasekhar 's book 
[29] (1961, p. 43 and p. 310). The m i n i m u m k deviates 
f rom n by less than 1%, giving rise to vortices in what 
is a lmost a square box. 

In our approach we expand a(x) and b(x) in (6.8) to 
(6.10) in the appropr ia te eigenfunctions a k v (x) and 
bk v (x), given by (5.12), (5.19), and (5.22), respectively. 

a(x) = £ akv(t) akv(x), 
V 

b(x) = Xßkv(t) bkv(x). (6.16) 

The Eqs. (6.12) are first projected on the eigenmode 
of the vector potential, 

[^kv 0, ik~ibkv], (6.17) 

resulting in 

ef <L2 bkv, b} = - Tk2 <Lbkv,a>- <L3 bkv, b} . 

Making use of the eigenvalue Eq. (5.21) results in 

<r*2v 0» <bkv, by = — Tk2 <bkv, a) - a<bkv, b> , 

v = 0 , 1 , 2 , . . . . 
F o r o, = 0 we have 

Tk2 (bkv, a) + akv(bkv, b} = 0, 

where a an d b are given by (6.16). 
Project ing (6.12) on the vectorpotent ial 

(6.18) 

(6.19) [0, a fcv(x),0] 

we obta in ( 6 20) 

0, <La k v , La} = - {<Lakv, Lby + < L a t v , L 2 a > } . 

The t ime independent s ta te becomes, using (5.10), 

< L a k v , + Xkv (akv, a ) = 0 . (6.21) 

The Eqs. (6.21) and (6.18), together with (6.16), are 
equivalent to (6.13). Insert ing (6.16), and el iminating 
the av leads to a s tandard eigenvalue problem in linear 
algebra, 

(Ain-Aöin)ßn = 0, 

where 

Aim= £ ((bi, (dj, b„y <52/af Xf || a,-1|2 || bj ||2) 
j=o 

and A = ( T k 2 ) ~ 1 . 
If we take only one term of the matr ix Aik, namely 

^oo , we get 

T=T,= 
T2 ; 4 
'fc0 Ak0 

<bk0,ak0y2 k2 (6.22) 

The result for k = n is = 1716.96, which deviates 
f rom the correct result (6.15) only by 1 /2%. 

In the approach described, we projected (6.12) on 
base vectors of the vector potential . N o w we apply the 
first method of Sect. I l l and project it on base vectors 
of the vorticity. Taking again the lowest app rox ima-
tion, we obta in a different expression for T, namely 

r = r , = ^fco gfco K o II2 llfrfcoll2 (Lak0,ak0y 

k 2 ( a k 0 , uk o > 2 fco II ak0 II 

<Lak0,ak0y 
_2 

0 

Inserting numerical values for k = n we find « L a0, a 0 ) / 
an ar 

|2) = 1.110. 
Results for larger numbers of funct ions are given in 

Table 2 for bo th methods . The selection of these 
modes was done by symmetry considerat ions. The 
first is called the u-method, the other the co-method. 
The convergence of the former is much more rapid, 
as one easily sees. F r o m the results we conclude tha t 
the min imum critical Taylor number has a value 
Tc = 1707.76178 for a wave number k = 3.11632, two 
more digits than in the paper of Reid and Har r i s [34]. 

VII. Couette Flow, Nonlinear Theory 

The damping decrement of the viscous term in the 
N S equat ion increases with the eigenvalue of a partic-
ular mode. It is thus meaningful to order the eigen-
modes according to the magni tude of their damping 
decrements an d to t runcate the infinite set at a part ic-
ular value. As the order of the eigenfunction opera tors 
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Table 2 a. Critical Taylor number with the r-method. In the 
D-method the conditions for marginal stability as derived 
from the Navier-Stokes equation are projected on a subspace 
of base velocity vectors with dimension n. It is seen that the 
convergence is quite good. 

No. of modes k Tn 

2 3.11371 1716.770267 
4 3.11619 1707.982699 
8 3.11632 1707.764651 

16 3.11632 1707.761804 
32 3.11632 1707.761777 

Consecutive differences and their ratios (approximate) 

Dx = T2-T4= 8.79, D3 = TS-Tl6 = 0.00285, 

D2 = TA-TS= 0.218, £>4 = r i 6 - r 3 2 = 0.000027, 

DJD2= 40, D2/D3 = 77, D 3 /D 4 = 105. 

Tabelle 2 b. Critical Taylor number with the co-method. In 
the <y-method the stability conditions as they follow from the 
vorticity equation are projected on a subspace of dimension 
n spanned by vorticity base vectors. The convergence with 
this method is slow as compared with the r-method. 

No. of modes k T 

2 3.24357 1903.307363 
4 3.18407 1803.488777 
8 3.15160 1757.031356 

16 3.13430 1732.624455 
32 3.12540 1720.207527 

Consecutive differences and their ratios (approximate) 

Di = T2- r 4 = 99.8, D3 = T8-T16= 24.4, 

D2 = T 4 - T 8 = 46.5, D4=Ti6-T32= 12.4, 

DJD2= 2.2, D2/D3 = 1.9, D 3 /Z) 4=2.0. 

varies, we c h o o s e the fo l lowing quan t i t i e s , wh ich a r e 
r o u g h l y equ iva l en t to t he d a m p i n g d e c r e m e n t of a 
given m o d e : 

A2Jn2~(v + 3/2)2+k2/n2 fo r a k v ( x ) , 

a2Jn2=(v + l)2+k2/n2 

e
2/n2 = v2 

fcv< 

fo r bky(x), (7.1) 

for c v (x) a n d dv(x). 

T h e q u o t e d va lue fo r is a s y m p t o t i c for la rge v a n d 
the re fo re on ly a p p r o x i m a t e . 

T h e m a g n i t u d e of the d a m p i n g d e c r e m e n t s says 
little a b o u t the a m p l i t u d e of the c o r r e s p o n d i n g e igen-
m o d e because the a m p l i t u d e d e p e n d s a lso o n the level 
of exc i ta t ion . T h e n u m e r i c a l e x p e r i m e n t will decide , 
which m o d e s h a v e t o be t a k e n i n t o a c c o u n t , g iven a 
ce r t a in exc i t a t ion level. 

T h e m o d e s cx a n d d o n o t in te rac t wi th o t h e r 
m o d e s a n d a r e a lways d a m p e d so t h a t thei r a m p l i t u d e 

m u s t vanish . T h e m o d e d2 (x) c a n n o t exist for a cyl in-
der of f ini te height . T h e on ly su rv iv ing m o d e s a r e 
bk0(x), a k 0 ( x ) a n d c 2 (x ) . F o r k = n o n e o b t a i n s 

Ak(r, t) 

= [ß(t) bk0(x), a(t) ak0(x), ik-1 ß(t) b'k0(x)] e i k z , 

vk(r, t) 

= [-ik a (f) a fc0(x), i k~1 ß(t)L bk0(x), a( t ) a ^ x ) ] eikz, 

<ok(r,t) (7.2) 

= [ß(t) Lbk0(x), a(t)Lak0(x), ik~l ß(t) Lb'k0(x)] eikz 

a n d 

A0(x, t) = [0, 0, y(t) c 2 ( x ) ] , 

v0(x,t) = [ 0 , — y ( f ) c'2(x), 0] , (7.3) 

co0(x, 0 = [0 ,0 , — y ( 0 c 2 ( x ) ] , 

which is s imilar to (6.1) t o (6.6). a ( f ) a n d ß(t) a re in 
genera l c o m p l e x n u m b e r s , w h e r e a s y (f) is a lways real . 
T h e m o s t genera l f low w i t h these m o d e s is given by 

v = vk + v0+v_k, a) = a)k + a>0+ (o_k , (7.4) 

where v_k = v£ a n d co k = ojk . 
E q u a t i o n (7.4) is i n se r t ed in to (4.10) a n d p r o j e c t e d 

on the th ree l inearly i n d e p e n d e n t ve loc i ty vec tors 

vl (x, z) = [ - i k ak0 (x), 0, a'k0(x)] , (7.5) 

v2
k (x, z) = [0, i k ' 1 L bk0(x), 0] eik2, (7.6) 

vl
0(x) = [0, c 2 (x ) , 0 ] . (7.7) 

Rep lac ing ß by Qß a n d y by Qy, t h e resul t ing e q u a -
t ions t a k e the f o r m 

dtoc = —Alcc — A2ß , 

dtß = - T B l ( x - B 2 ß + B13<xy, 

Zty =-C3y-Cl2\(<xß* + «*ß). 

(7.8) 

T h e coeff icients a re all pos i t ive a n d rea l , a n d a re given 

by 

^ , = 4 ^ ^ = 3 8 . 2 4 6 4 6 , 

A7 = 

<Lak0,ak0} 

ak0 (ak0 » ^fco) 

<Lak0>ak0} 
= 0.94181 , 

B = k\bk0,ak0) = a 4 6 6 g 7 > 
ako(bk0, bk0) 

B2=O2o = 1 9 . 7 3 9 2 , 
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= 10-60849 , 

C 3 = q 2
2 = 3 9 . 4 7 8 4 1 8 , 

2<xk0 (c2,ak0Lbk0y 
C l 2 — 

< c 2 , c 2 > 

(7.9) 

= 2B13 = 21.21698 . 

A c c o r d i n g to o u r d e r i v a t i o n the va r i ab les a (t) a n d 
ß(t) a r e c o m p l e x whi le y (r) is real . If a a n d ß a re chosen 
rea l a t r = 0 they r e m a i n so fo r all t imes : 

dta = —A1a — A2ß, 

dtß = - TB^a. - B2ß + ß13ay, 

= - C 3 y - Ci2aß. 

(7.10) 

We n o t e t h a t (7.9) h a s t he s a m e s t r u c t u r e as in the 
L o r e n z m o d e l [37], w h i c h is usua l ly wr i t t en as 

X = ff{-X+Y), 

Y = rX—Y — X Z , 

Z = -bZ + XY. 

(7.11) 

H o w e v e r , the n u m e r i c a l va lues of the coeff icients for 
(7.10) a r e dif ferent f r o m t h o s e chosen by Lorenz . 

W e first s t udy t h e s i n g u l a r p o i n t s fo r (7.8). F o r 
9, = 0 we h a v e 

Aluo + A2ßo = 0, 

TBla.0+ B2ß0— Bl3oc0y0= 0, 

c3y o + cl2ci0ß0=o. 

F o r these we f ind t w o s o l u t i o n s : 

*o=ßo=yo=Q 

a 0 = ± h ] / T / T c - l t 

a n d 

R A l 

Po = - - r «0 » 

-^•1^12 2 

(7.12) 

T o -
 A r kj a2 c3 

w h e r e 

T^iAiBJAjBJ 

= (Ko ffo II ak bk0 \\/k2<ak0,bk0y2) = n n , 

a n d 

h = | / ( C 3 ß 2 / C 1 2 ß 1 3 ) 

H / l / 2 fc<ak0 » = 1.61 

r x 

r x 

X 0 

X 0 

T * ' 

l — i 

T * 

I • 0 

J 
> • c 

v 

, Y 

\ X N (c) 
Fig. 4. Taylor vortex flow, as represented by (7.10) (schema-
tic). a)va = ey x with <P = <P0 ak0 (x) cos fe z. The contour 
lines of ^ ( x , z) are the stream lines, b) The parallel flow (7.14) 
depending on x and z. The flow is always into or out of the 
paper plane. • is flow out of, x is flow into the paper plane, 
o signifies no flow. The magnitude of the symbol indicates 
roughly the magnitude of the flow, c) Parallel flow (7.15) 
depending on x only. It is a modification of the original 
Couette flow (4.6). 

T h e va lue of Tc is t he s a m e as d i scussed in the 
p reced ing sect ion. As l o n g as T <TC t h e a m p l i t u d e a 
is i m a g i n a r y a n d on ly t he so lu t i on a 0 = ß0 = y0 = 0 
is physica l ly m e a n i n g f u l . A l inear s tab i l i ty ana lys i s 
s h o w s t h a t it is s t ab le fo r T < Tc. I n o t h e r w o r d s , on ly 
the shea r f low (4.6), (4.7) is poss ible . As s o o n as T > Tc 

the so lu t i on a 0 = ß0 = y 0 = 0 b e c o m e s u n s t a b l e a n d 
t he sys tem goes ove r t o o n e of the t w o fixed p o i n t s of 
(7.12). T h e Tay lo r vor t ices emerge . T h e d i a g r a m in 
Fig. 5 s h o w s t h a t it is a p i t c h f o r k b i f u r c a t i o n . a 0 a n d 
ß0 c a n be pos i t ive o r nega t ive b e c a u s e a d j a c e n t T a y l o r 
vor t ices h a v e d i f fe ren t f low d i rec t ions . C h a n g i n g t he 
sign of a 0 c o r r e s p o n d s t o a shif t a l o n g t he z-axis by 
o n e half of the pe r iod ic i ty length . 

T h e geomet r i ca l s igni f icance of t he m o d e s a(t) , ß(t), 
y(t) is the fo l lowing : a( r ) descr ibes t he T a y l o r vor t ices . 
T h i s is m o s t easily seen by p u t t i n g ß t o ze ro in t he 
e q u a t i o n fo r vk in (7.2), a d d i n g the c o m p l e x c o n j u g a t e 
a n d d iv id ing by two . T h e resu l t ing rea l veloci ty c a n be 



690 G. Knorr and G. Ströhmer • Hilbert Space Methods in Hydrodynamics 
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/ 

Fig. 5. Pitchfork Bifurcation diagram for Taylor vortices at 
T = Te. The thin arrows indicate growth or decay of the 
amplitude a. 

wr i t t en as 

va = ey x V0 , w h e r e # is g iven by 

<P(x, z) = <J>0 a k 0 ( x ) cos kz , (7.13) 

wi th a k 0 ( x ) given by (5.12). T h e e q u i p o t e n t i a l lines of 
<P(x, z) a re the s t r e a m lines. T h e y a re p l o t t e d s c h e m a t -
ically in F i g u r e 4 a. T h e y c o r r e s p o n d t o the Tay lo r [38] 
vort ices. 

T h e Tay lo r vor t ices a r e a c c o m p a n i e d by 

vb = [0, —cos nx sin kz, 0 ] , (7.14) 

which is s h o w n in F i g u r e 4 b. T h e o ind ica tes ze ro 
velocity, x is a f low i n t o a n d • a f low o u t of the p a p e r 
p lane . T h e in tens i ty is r o u g h l y i nd i ca t ed by the size of 
the symbo l . 

T h e th i rd flow, w i t h o u t z - d e p e n d e n c e , is o b t a i n e d 
f r o m (7.3): 

®0 = [0, - c'2 (x), 0] £ [0, sin 2 n x, 0 ] . (7.15) 

It r ep resen t s a m o d i f i c a t i o n of the C o u e t t e shea r f low 
(4.6) a n d has , t o o u r k n o w l e d g e , first b e e n d iscussed by 
N a g a t a [19]. Bo th f lows a r e s h o w n in F i g u r e 4 c. T h e 
m o d i f i c a t i o n t ends t o inc rease the g r a d i e n t s n e a r the 
walls a n d dec rease t h e m in the in te r ior . 

Th i s m o d i f i c a t i o n is necessa ry to e x t e n d the val idi ty 
of the Tay lo r vor tex f low in to the n o n l i n e a r d o m a i n 
for T > Tc. If we o m i t th i s m o d e the sys t em b e c o m e s 
l inear. O n l y fo r y(f) 4= 0 the so lu t ions w i th Tay lo r vor -
tices can be ex t ended i n t o the n o n l i n e a r d o m a i n of 
T> Tc. 

We invest igate the l inear s tabi l i ty of t h e Tay lo r v o r -
tices (7.12) by wr i t ing in (7.9) a = a 0 + a ' , ß = ß0 + ß', 
y = y0 + y' a n d keep ing on ly l inear t e r m s . T h e resu l t ing 
sys tem b e c o m e s 

ot' = a'- A2ß', 

ß' = ~ 0L'-B2ß'+B13<xoy', (7.17) 
2 

A 
y' = C 1 2 — L a 0 a ' — C 1 2 a 0 / ? ' — C3y'. 

It c o n t a i n s the a m p l i t u d e of the T a y l o r vo r t ex a 0 a s 
p a r a m e t e r , which is, via (7.12) d i rec t ly re la ted to t he 
Tay lor n u m b e r T. W i t h oc'(t) = a ' e x p (At) etc. we o b -
ta in a cubic p o l y n o m i a l for X wh ich f o r smal l a 0 h a s 
only negat ive so lu t i ons for a 0 . If T g r o w s wi th a 0 

b e y o n d 

= 1.34 , (7.19) 
•'c 

(Tc = crit ical Tay lo r n u m b e r ) t w o s o l u t i o n s X b e c o m e 
complex , b u t all AS h a v e a nega t ive rea l p a r t . T h u s the 
vor t ices of the 3 - m o d e sys tem (7.12) a r e s table fo r 
1 < T / T c < oo. Th i s rersul t is a n i n d i c a t i o n for t he 
a m a z i n g pers is tence of p e r t u r b e d T a y l o r vor t ices fo r 
la rge T, which is obse rved expe r imen ta l l y . Fens t e r -
m a c h e r et al. [39] fo r e x a m p l e p r o d u c e d a t u r b u l e n t 
flow in their C o u e t t e expe r imen t . Never the les s , the 
axial per iodic i ty as descr ibed by t he T a y l o r vor t ices 
pers is ted. 

VIII. Summary and Conclusions 

In the first p a r t of th ie p a p e r we d e c o m p o s e a n 
a r b i t r a r y d ivergence- f ree vec tor p o t e n t i a l which de-
scribes a n i ncompres s ib l e h y d r o d y n a m i c flow in a 
s imply c o n n e c t e d f ini te d o m a i n in to o r t h o g o n a l d iver-
gence-free base vec to r fields such t h a t t he b o u n d a r y 
c o n d i t i o n v = 0 is a u t o m a t i c a l l y sa t i s f ied . Th is is ac-
c o m p l i s h e d by a l inear se l f -ad jo in t o p e r a t o r of f o u r t h 
o r d e r which def ines a n e igenva lue p r o b l e m . T h e so lu-
t ion vec tor fields f o r m a c o m p l e t e set in Hi lbe r t space . 
A genera l velocity field is o b t a i n e d by a l inear supe r -
pos i t ion of base vec tor fields. T h e N a v i e r - S t o k e s 
e q u a t i o n , w h e n p ro j ec t ed on t he b a s e vec to r fields 
gives a set of first o r d e r O D E s in t i m e of the f o r m 

Mjid<Xi(t) = Gj(Xk) 
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( the r - m e t h o d ) , w h i c h c a n be d i agona l i zed . A n al ter-
na t i ve w a y is t o p r o j e c t the vor t ic i ty f o r m of N a v i e r -
S t o k e s o n e igenf ie lds of the vor t ic i ty , which yields 
i m m e d i a t e l y a n o r t h o g o n a l sys tem of the f o r m 

8 t X i ( t ) = Gj(Xk), 

( the co-method). 
In the second p a r t of the p a p e r we investigate explic-

itly C o u e t t e f low in t he n a r r o w g a p a p p r o x i m a t i o n . 
T h e b o u n d a r y c o n d i t i o n s fo r r o t a t i n g cyl inders a re 
i n c o r p o r a t e d . T h e s t a n d a r d resu l t s of l inear t h e o r y a re 
r e p r o d u c e d wi th t he r - m e t h o d w i th t h r ee e i g e n m o d e s 
to 1 / 2 % a n d with 32 e igenmodes t o 9 significant digits. 
T h e co-method gives s lower conve rgence . T a k i n g th ree 
m o d e s fo r the d y n a m i c a l case, we f ind a n o n l i n e a r 
sys tem of t he s t r u c t u r e of the L o r e n z sys tem, b u t wi th 
d i f fe ren t n u m e r i c a l coeff icients . W i t h increas ing Tay-
lor n u m b e r we find t h a t shea r C o u e t t e f low is s table 
fo r T < Tc. F o r T = Tc t he f low b i fu r ca t e s i n t o Tay lo r 
vor t i ces (pi tch f o r k b i fu rca t ion ) . O n e f low represen t s 
t he T a y l o r vor t ices , a n o t h e r is in cp- o r y -d i rec t ion a n d 
d e p e n d s o n x a n d z. A th i rd f low modi f i e s the or ig ina l 
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